I. INTRODUCTION
The Ashkin-Teller (AT) model' may be considered to be two superposed Ising models, which, respectively, are described by variables a-; and S; sitting on each of the sites of a hypercubic lattice, Within each Ising model, there is a two-spin nearest-neighbor interaction with strength J2. In addition, the different This model has a rich structure in two dimensions. In the next section, we introduce our problem by summarizing the known information about the twodimensional problem. Section III is devoted to a description of the mean-field-theory calculation. Then, the main body of our work is presented in Sec.
IV, which describes the most relevant series data and the results of the Monte Carlo analysis. The technique for obtaining and analyzing the series and a brief description of the Monte Carlo method are described in the Appendixes. (a) Paramagnetic, labeled as "para. " If the couplings are sufficiently weak the system falls into a paramagnetic phase in which neither a nor S (nor anything else) is ordered.
II. THE TWO-DIMENSIONAL CASE
(b) A "Baxter" phase in which cr and S independently order in a ferromagnetic fashion so that (a. ) = + (S). It is also true that (Sa ) is unequal to zero and has the same sign as (S) (o To write the mean-field equations, let j(i)
represent the set of all nearest neighbors to the site i. Figure 4 is a plot of these critical index values. Some of the critical values of tanhA2 related to these series are plotted in Fig. 3. A. The region 0 (x (1 Now focus upon the region between A and F in Fig. 3 and the corresponding region between x =0 and 1 in Fig. 4 . At . Hence, we tentatively identify the transition between x =0 and 1 as first order. Additional evidence for 'this identification can be found in the y values in this region (see Fig. 4 Some evidence could be seen for a relaxation process which occurs in two stages, being perhaps indicative of a system which has gotten "hung up" in a paramagnetic phase for up to a hundred and fifty Monte Carlo steps. These data partially support our inclination to believe in a first-order transition in the entire range between x =0 and 1.
The region x~2
In this region, we can establish the position of the lower branch in Fig. 3 Carlo data at x =1.50 showed two transitions with the upper branch (higher coupling-lower temperature) being first order and the lower branch being continuous. This result is also indicated by the series data in which (at x =1.5) the high-temperature estimate of K, (from X~) is significantly below the low-temperature estimate from the magnetization. The data at our disposal suggest the existence of a critical end point at x =1.4 +0.1 (where the splitting into two transitions takes place) (see point F in Fig.  3 ). The upper branch remains first order until a tricritical point at x =1.6 +0.1 is reached (see point G in Fig. 3 ). However, because it is difficult to distinguish between weakly first-order and second-order behavior and between two different phase transitions when they lie close to one another, the reader should field theory. However, the range for which this occurs is very narrow, and even though the r|"suit does not seem to change with changes in lattice size (from 10 x 10 x 10 to 14 x 14 x 14), it may nonetheless be a finite-lattice effect.
lattice, at each lattice site, only the cr spin was considered as the "reference" spin and during the second pass, the S spins were candidates for the spin-flip trial. It was found that the latter method took significantly longer to equilibrate the system than the former starting from an ordered nonequilibrium configuration, so that only the former method was used in actual runs.
For large values of x(x = K4/Kz )4), it was found to be advantageous to consider the cr and S spins on the same site simultaneously as candidates for a spin-flip trial. Around the temperature where the oand S spins became disordered, while the product o-S remained ordered, this led to an efficient way of equilibrating the system starting from an ordered state.
The transition temperature was identified as the point of maximum slope in internal energy (and) Most of our data were taken on a 10 x 10 x 10 lattice with periodic boundary conditions using a code written in FORTRAN. The time needed for each spin-flip trial was about 175 p, sec (including the time for computing averages) on a CDC 6600.
Typically, starting from an equilibrium configuration at a nearby point in (K2, K4) space, the system was allowed to equilibrate at the new K2 and K4
values by making 100 -200 passes through the entire lattice. We tested several different sequences of spin-flip trials. The first consisted in going through the simple cubic lattice and at each site considering first the a-spin and then the S spin as the "reference"
spin. In the second, during the first pass through the The series, whose derivation we describe here, are pot included for reasons of space. They can be obtained on request from the authors or from the Physical Review depository.
The quantities calculated for high-temperature expansions were: (i) free energy -11 terms; (ii) susceptibility -10 terms; (iii) polarization susceptibility -10 terms. The quantities calculated for low-temperature expansions were: (i) free energy; (ii) magnetization and susceptibility; (iii) polarization and its susceptibilities. The high-temperature series made use of the skeleton graph list of Fisch ' and his lattice constants which go up to 10 lines. We added the l lth line graph for the free energy. (Ns) , and the number at which both are overturned (N s). The magnetization and polarization, susceptibility are"respectively, multiplied by factors of (2N +2N s), and (2N +2N&).
